
JAN.-FEB. 1989 ENGINEERING NOTES 123

Table 3 Extremes of variations on the standard interception

PL ML PH MH

SR
TM
AS
AI
AF
RM
IM
CM

50
80
4.75

60/300
315

-250
250
250

6.612
3.932

39.398
39.646
39.398
6.615

33.503
8.981

1000
500

0.25
180

75
0
0
0

132.010
599.756
39.674
39.685
40.723
39.648
39.648
39.648

1897
15153

0.70
0.10
3.36

499
18

341
aKey: P = parameter varied (mnemonics correspond to Table 2), PL I

PH — parameter value that resulted in the smallest/largest maneuver (units as in
Table 2), ML/MH = size of maneuver in m/s corresponding to PL/PH,
% = difference between ML and MH expressed as a percentage of ML.

increased linearly as threat radius increased, and increased
approximately exponentially as maneuver interval shrank. One
surprising result was the small effect of variations in the
interceptor's velocity, which altered the size of the evasive
maneuver by only a few percent. Errors in the radial and
cross-track directions resulted in nearly linear reductions in the
size of the required maneuver. Errors in in-track miss distance
produced a more gradual drop-off in maneuver size.

Summary and Suggestions for Further Work
A threat sphere moving in a Keplerian orbit was used to

model an attack on a satellite. Defeat of the attack was consid-
ered by changing the satellite's orbital velocity at a specified
time to avoid penetration of the threat sphere. An algorithm
using a method of differential corrections was developed to find
the minimum-impulse evasive maneuver. A 45 deg inclination
impulsive direct ascent attack on a geosynchronous satellite
with a threat sphere radius of 300 km and a maneuver time
about 2 h before the nominal impact time was used as a refer-
ence case. The optimal evasive maneuver had a velocity change
of 39.648 m/s with a nonzero out-of-plane component. The
sensitivity of this solution to variations in intercept parameters
was also studied. Maneuver time was the most important
parameter, followed by threat sphere radius. In every case no
more than twp locally optimal solutions were found.

Further study of orbital evasive maneuvers along the lines
drawn here might include the effects of uncertainty, improve-
ment of accuracy of the model, and consideration of methods
of jointly optimizing evasive maneuver size and other relevant
factors. The algorithm used here takes no account of uncertain-
ties in the data, either in knowledge of the state vectors or in
the precision with which a recommended maneuver can be
made. In reality these uncertainties might be significant. In the
area of improving the fidelity of the model there are three
interesting possibilities: non-Keplerian dynamics, nonimpul-
sive maneuvers, and nonspherical threat volumes (e.g., the ac-
quisition cone of a radar). Perhaps the most important area of
study is the optimization of other things along with impulse
size. Such things as predictability, required attitude changes,
and the return to the mission orbit might be significant factors
in selecting an evasive maneuver. The best maneuver in a given
situation will be determined by considering all of these factors.
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Introduction

A DUAL-SPIN spacecraft may be approximately modeled
as a gyrostat. Leimanis,1 Kane,2 Cochran,3 and

Tsuchiya4 have each provided the analytical solution or
nutational stability for the attitude motion of an axisymmetric
or asymmetric gyrostat by use of Euler's equations. In this
paper, first-order differential equations with variables, the
Euler angles, and the angle of relative rotation are derived
instead of Euler's equations.5 From the first-order equations,
the nutational stability and the criteria for stable quasiperma-
nent spin are directly determined. The behavior of unstable
attitude motion is investigated with the aid of the energy
integral of the system.

First-Order Equations of Motion
The dual-spin spacecraft S consists of rigid bodies A and B

connected by a bearing axis (see Fig. 1).A*,B*, and S*, the
respective mass centers of A , B, and S, lie on the bearing axis.
The distance between A* and B* is 1. Body A is an
asymmetric rotor. Its centroidal principal axis system is
(A * — X1X2X3). Body B is an axisymmetric platform. Its axis
of symmetry is aligned with the Xraxis. The (B* -X{Y2 Y3)
system is fixed in body B, the orientation of which relative to
(B * — X1X2X3) is specified by the angle a. Bodies A and B and
system S have masses mA9 mB, and m, respectively. Their
individual centroidal inertia dyadics A , B, and / are

= ^ AiXixi9 7= (1)

/! = Al + B19 // = AI + B3 + l2mAmB/m (i = 2, 3) (2)

where xf are unit vectors parallel with axis X{ (i = 1, 2, 3).
Establish (S* — Z1Z2Z3), the coordinate system of angular

momentum, with Zraxis along the angular momentum vector
of system 5 about S*. Let ^, d and <p be Euler angles of the
centroidal principal axis system (S * — X1X2X3) relative to
(S* — ZjZ2Z3) (see Fig. 2). Since there is no external torque,
the rotational angular momentum of the system is constant. It
may be expressed in the form

H = l + Hs&s<px2 (3)

Here H is the magnitude of H and is a first integral; c( ) and
s( ) are defined as cos( ) and sin( ), respectively, for
convenience. According to its definition, H may also be
written as

(4)

where Q and <o are the angular velocity of B relative to A and
of A, respectively, which may be expressed as

(5a)

(5b)
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Fig. 1 Spacecraft model. Fig. 2 Euler angles.

The angular momentum and the principle of angular
momentum of body B about B * may be expressed as

HB = B • (o> + ft)

dHB/dt'+ w X HB = Mxl

(6)

(7)

where the superscript ~ means that the derivative is in (B*
— X1X2X3), and M represents despun-motor torque applied to
B about the A"raxis, which is the sum of motor and friction
torques. The component of Eq. (7) along the ^fraxis is

B^ + Q) = M

If there is no external torque, then

o>! + o = r

(8)

(9)

Here, F is also an integral of the motion. Equation (9) shows
that the component of the angular momentum of body B
along the A^-axis is conservative.

Let v = H/I, X = I3/A19 p = /3//2, and /* = B^A^ From the
identities of Eqs. (3) and (4), the components of angular
velocity of body A are given by

a?! = \vcd — jj\ o>2 = pvsds<p, w3 = vsdc<p (10)

From geometry (see Fig. 2), we have the kinematic equations

(1 la)

(1 Ib)

(He)

By substituting Eqs. (9) and (10) into Eq. (11), and noting
a = 0, it follows that

(12a)

(12b)

(12c)

(12d)

The above first-order differential equations in the variables ̂ ,
#, ^>, and a determine the attitude motion of a torque-free,
asymmetric dual-spin spacecraft.

p[l + (p - l)sVl

- 1 - (p - I)s2<f>] -

Nutational Stability
On the right-hand side of Eq. (12), <p is generally a "fast"

variable and # is a "slow" variable. By applying the averaging
algorithm with a period of ir/ip to Eq. (12), one finds that

(13a)

(13b)

fiT (13c)

(13d)

where variables with the bar are "averaged" variables. It is
obvious that #, #, £, and Si are all constants. It is a quasi-
regular precession. If #0 = 0, then it is a quasipermanent spin
about Xraxis. Now one finds that o^ is also a constant from
Eq. (lOa)

(14)

When the spin angular velocity of the rotor becomes near
zero, i.e., the case for Eq. (6) in Ref. 4, the above quasiregular
precession or quasipermanent spin may be unstable. By
substituting a3l of Eq. (10) into Eq. (12c), one arrives at

(15)

The process of averaging requires that | <f>\ ?£ 0. If the solution
is satisfied \<f>\ >0, then one must have

The condition in Eq. (16) is the same as the condition in Eq.
(19) in Ref. 4. Either of these may be replaced by

T/co^max (Fl9 F2) or (Fl9 F2)

(17)

Behavior of Attitude Motion
In order to further investigate the behavior of attitude

motion as a result of asymmetry of body A , one can directly
use the kinetic integral of the system. In the case of zero
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Fig. 3 Trajectories in <f> - # plane.

despun-motor torque, the kinetic energy is conservative.

T = (Vi) w •/ • co'•+ 0 • £ • o> + 0/2) 0 • 5 - 0 = const (18)

So, besides H and F, another first integral a can be expressed
as

a = (2T- BF2)/I3it = (.4 lW? + 72o>f + /3cof)//3^ (19)

Putting Eq. (10) into the above equation and letting T/v = k\
one arrives at

(p - (20)

The integral a can be determined in terms of the initial values
$0, <PQ, F0, and co10. The system parameters for a dual-spin
spacecraft example are as follows:

71 = 480kgm2 72 = 360 kgm2

/3 •= 440 kgm2 Bl = 160 kgm2

#0 = 0.5 deg ^o = 0 r0 = 1.0 rad/s

1) co10 =1.0 rad/s
2) o)10 = 4.5 rad/s

3) co10 = 1.5 rad/s
4) co10 = 2.0 rad/s
5) co10 = 3.0 rad/s

stable cases

unstable cases
(21)

The above parameters, except #0, are the same as those in Ref.
4, from which one can draw trajectories in <p — # plane by
using Eq. (20) (see Fig. 3).

Figure 3 shows that if the initial values of nutational angle
#0 are small, then # will change in the small angular region for
stable cases and will change into larger values for unstable
cases. The nutational angle # and spin angle (p in Fig. 3 have
more obvious physical meanings than -R and 6 in Fig. 2 of
Ref. 4. By comparing, one can see that the trajectory (5) in
Fig. 2 of Ref. 4 is not correct. The reason is that it is not
correct to replace IA3 by / to obtain Eq. (24) from Eq. (14b).

Conclusion
A new method for the nutational stability analysis of an

asymmetric dual-spin spacecraft is presented. It is directly
derived from the first-order differential equations of the
system. The behavior of nutational motion is investigated with
the aid of the energy integral of the system. The method can
also be expanded to discuss nutational stability of a dual-spin
spacecraft composed of two asymmetric bodies.
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I. Introduction

GENERALIZED single-sensor parity relations (GSSPR)
are an attractive method of fault detection and isolation

(FDI) for large-scale systems such as space structures with a
potentially great number of sensors.1 GSSPR belongs, indeed,
to the class of analytical redundancy methods that alleviate the
need for replicating hardware components. Instead, a failure
is indicated by the occurrence of a mismatch between the
history of the actual sensor outputs and the history predicted
using the analytical model.2 GSSPR also leads to very simple
isolation logic. Finally, generating the relations is particularly
easy when the eigenstructure of the system is known, which is
usually the case for flexible structures whose modeling is
obtained via finite-element analysis. The method, unfortu-
nately, suffers many shortcomings, one of which is a high
sensitivity to modeling error and noise, as demonstrated in this
paper by GSSPR test results obtained on the NASA Langley
Spacecraft Control Laboratory Experiment (SCOLE). Part II
of this paper treats GSSPR generation. Test results are
presented in part III. Part IV concludes the paper.

II. Generalized Single-Sensor Parity Relations
Consider a discrete-time lumped parameter model describ-

ing the dynamics of a structure:

(1)

where X(i) is the state vector at time /, U(i) contains all the
command inputs, A and B are two constant coefficient
matrices. A standard way to obtain such a model is through
finite-element analysis.3 Such a technique directly yields the
continuous model in modal form. The discretization is a
standard procedure.4
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